Abstract. In this paper we show the following results: (i) there exists a separable metric space of the first category whose Wijsman hyperspace is almost countably subcompact; (ii) there exists a σ-discrete crowded metric space whose Wijsman hyperspace is countably base-compact. Neither of these can occur with Vietoris hyperspaces.
Introduction
In 1966, Wijsman [18] first considered the weak topology on the collection of nonempty closed subsets of a metric space, generated by the distance functionals viewed as functions of a set argument. Nowadays, this topology is known as the Wijsman topology. Since then, there has been a considerable effort in exploring various properties of this class of hyperspaces. For example, after Lechicki and Levi proved in [14] that the Wijsman hyperspace of a separable metric space is separable and metrizable, several topologists investigated the completeness of Wijsman hyperspaces of separable metric spaces. Already a much earlier result of Effros [9] can be interpreted as stating that a Polish space (i.e., a completely metrizable separable space) admits a metric for which the Wijsman topology is Polish. Later, Beer [3, 4] showed that the Wijsman hyperspace of any separable complete metric space is Polish; Costantini [7] completed this line of investigation by showing that, for a Polish space equipped with any compatible metric, the Wijsman hyperspace is Polish. Further, Costantini [8] constructed a (nonseparable) complete metric space whose Wijsman hyperspace is notČech-complete (in this case, the Wijsman hyperspace is Tychonoff, but nonmetrizable). SinceČech-complete spaces are hereditarily Baire, investigating the Baire property of Wijsman hyperspaces comes into play. Recall that a topological space X is Baire if the intersection of every sequence of dense open subsets in X is dense, and if every nonempty closed subspace of X is Baire, then X is called hereditarily Baire. In this direction, Zsilinszky [20] showed that the Wijsman hyperspace of a complete metric space is Baire. Answering a question posed by Zsilinszky in [20] , Chaber and Pol [6] showed that the Wijsman hyperspace of a complete metric space may fail to be hereditarily Baire, while Cao and Tomita [5] showed that the Wijsman hyperspace of a metric hereditarily Baire space is Baire. It is still an open problem whether the Wijsman hyperspace of every metric Baire space is Baire. All the aforementioned work concerns the question of whether the Wijsman hyperspace of a metric space (X, d) possesses property Q when (X, d) possesses property P. Let us consider its inverse problem. Since a metric space (X, d) is topologically embedded as a closed subspace into its Wijsman hyperspace, (X, d) must be completely metrizable if its Wijsman hyperspace isČech-complete. A result of McCoy in [16] asserts that for a T 1 topological space X, if its Vietoris hyperspace is Baire, then so is X. Thus, one would conjecture that if the Wijsman hyperspace of a metric space (X, d) is Baire, then the space (X, d) itself must be Baire. However, this is not the case. Recently, Pol and Zsilinszky showed that there is a metric space which is of the first category and whose Wijsman hyperspace is Baire [21] . This tells us that with respect to the Baire property, the Wijsman topology behaves differently from the Vietoris topology.
The main purpose of this paper is to continue the study of Wijsman hyperspaces in this direction. We show the following results: (i) there is a separable metric space of the first category whose Wijsman hyperspace is almost countably subcompact; and (ii) there is a σ-discrete crowded metric space whose Wijsman hyperspace is countably base-compact (recall that a topological space is crowded provided it has no isolated points). In the literature, almost countable subcompactness, countable base-compactness as well as a few other similar completeness properties are known as "Amsterdam properties". Since these properties are weaker thanČech-completeness but stronger than the Baire property, our results sharpen those of Pol and Zsilinszky.
To proceed further, let us introduce some notation. For a given space X, let 2 X denote the family of nonempty closed subsets of X.
For a metric space (X, d) and x ∈ X, the open (closed) ball centered at x with radius r is denoted by S r (x) (B r (x)); that is,
as a subbase [4, 21] . It is well known that 
Recall that ultrametric balls are clopen and satisfy the condition (1.1) For any two balls B 1 and B 2 with
It is well known that (κ ω , d κ ) is complete. Finally, we denote by (κ ω ) 0 the set consisting of those elements of κ ω which are eventually zero, endowed with the relative metric from (κ ω , d κ ). For any undefined concepts and terminology, refer to the listed references.
The Wijsman hyperspace of
Let X be a topological space. Recall that a collection F of nonempty subsets of X is a regular filterbase if whenever
The space X is (almost) countably subcompact with respect to a (π-)base B if X is (quasi-)regular and {B : B ∈ B} = ∅ for every countable regular filterbase B ⊆ B, [2] . Evidently, every almost countably subcompact space is Baire.
Lemma 2.1 ([13]). A (quasi-)regular space X is (almost) countably subcompact if and only if X admits a (π-)base B such that
Then ρ is an ultrametric, and the space Y is separable. Moreover, (ω ω ) 0 is a countable space without isolated points, and it follows that Y is of the first category. In [21] , it was shown that the Wijsman hyperspace of (Y, ρ) is Baire. In what follows, we shall sharpen this result by showing that the Wijsman hyperspace is almost countably subcompact. To this end, we first need a simple observation.
Lemma 2.2. If (X, d) is a metric space such that for every point
Proof. The conclusion follows directly from the following fact: under the hypothesis, for every x 0 ∈ X, A ∈ 2 X , and
) is almost countably subcompact with respect to B.
Proof. Note that, by Lemma 2.2, we have
Note that each C n is a partition of ω ω and that no member of C n can be covered by finitely many members of the family k>n C k . Let
For each C ∈ C, we define k C = min{k ∈ N : s(k) ∈ C}, and then we put s C = s(k C ). The following is clear.
and note that E n is the family of all ρ-balls of radius
For every n ∈ N, denote by B n the family consisting of all nonempty sets of the form U = (Y \ F)
where F is a finite subfamily of n k=1 E k and A is a finite subfamily of E n such that we have G ∩ A = ∅ whenever G ∈ E and G ∩ A = ∅. Note that since U is nonempty and ρ is an ultrametric, we have 
For this purpose, we let E n = {E ∈ E n : E ∩ H = ∅} and, further, G = {G ∈ E : E ⊆ G for some E ∈ E n }. Note that we have I ⊆ E n ⊆ G. We show that for every G ∈ G, there exists a set
Since no member of C n G is covered by finitely many members of m>n G C m , the set G is not covered by H G and hence not by H either. As a consequence, there exists 
Assume G ⊆ A, and note that then A ⊆ G. In this case, we have G ∈ G A , and it follows that we have J G ∈ A A ⊆ A; again, we have G ∩ A = ∅. This completes the proof of D ∈ B. We have shown that B is a π-base for (2 Y , τ w(ρ) ).
To complete the proof of the theorem, let {B k : k ∈ N} be a sequence in B such that B k+1 ⊆ B k for every k ∈ N. We show k∈N B k = ∅. For each k ∈ N, let n k be such that B k ∈ B n k . We may assume (by passing to a subsequence, if necessary) that the sequence {n k : k ∈ N} is nondecreasing.
According to the definition of the set S, we have S ∈ (Y \ F ) + . Hence the conclusion, that S ∈ B , follows once we know that S ∩ E = ∅ for every E ∈ A .
We can inductively define a sequence {E k : k ≥ } with E k ∈ A k and E k+1 ⊆ E k for each k ≥ , as follows. First, we let E = E; if E k ∈ A k has already been defined for some k ≥ , then we can choose E k+1 ∈ A k+1 such that E k+1 ∩ E k = ∅. This is possible, because it follows from the inclusion B k+1 ⊆ B k that the set E k ∈ A k must contain some member of A k+1 and then the definition of B allows the existence of 
Recall that a topological space X is said to be pseudocomplete [17] if X is quasiregular and has a sequence {B n : n ∈ N} of π-bases such that n∈N V n = ∅ whenever V n+1 ⊆ V n ∈ B n for each n ∈ N. Clearly, every almost countably subcompact space is pseudocomplete. [14] , and de Groot [12] has shown that countably subcompact metrizable spaces are completely metrizable. It follows that the Wijsman hyperspace of (X, d) is Polish. This implies that X is Polish, since (2 X , τ w(d) ) contains a closed copy of X. Nevertheless, if we consider nonseparable spaces, then even a metric space of the first category can have a countably subcompact Wijsman hyperspace, as we shall see in the next section.
The Wijsman hyperspace of
Recall that a space X is (almost) countably base-compact with respect to an open (π-)base B if X is (quasi-)regular such that F ∈F F = ∅ for each countable centered family F ⊆ B; see [2] . By definition, every (almost) countably base-compact space is (almost) countably subcompact.
In this section, we show that the Wijsman hyperspace of ((κ ω ) 0 , d κ ) is countably base-compact when κ ≥ ω 1 . , τ b(d) ) is countably base-compact with respect to B. Let {B k : k ∈ N} be a countable centered subfamily of B. For every k ∈ N, let F k and A k be finite subfamilies of E such that
and note that S is a closed subset of X. We show that S ∈ k∈N B k . Let ∈ N. According to the definition of the set S, we have S ∈ (X \ F ) + ; hence, the conclusion that S ∈ B follows once we show that S ∩ E = ∅ for every E ∈ A . Let E ∈ A . For every k ∈ N, since B k ∩ B = ∅, we have E ⊆ F k , and it follows that, for every F ∈ F k , either F is disjoint from E or F is a proper subset of E. Since the d-ball E is not covered by countably many smaller d-balls, we have E ⊆ k∈N F k . Hence, the set E ∩ S = E \ k∈N F k is nonempty. This completes the proof that S ∈ k∈N B k . We have shown that (2 X , τ b(d) ) is countably base-compact with respect to B. 
is of the first category.
Further remarks and open questions
The Pol-Zsilinszky example and Example 3.4 show that the Wijsman hyperspace of a metric space can be of the second category even if the space is either separable and of the first category or σ-discrete and crowded. Our last result shows that these two examples cannot be simultaneously generalized; i.e., there is no countable crowded metric space with a second category Wijsman hyperspace. First we observe that the Wijsman topology is of the first category if and only if the same holds for the ball topology. Recall that a mapping f : X → Y is said to be feebly continuous [11] Proof. Let X = n∈N K n , where each K n is compact and nowhere dense in (X, d).
). Assume not. Then there exists a nonempty finite family G of nonempty open subsets of X and a family F of closed d-balls such that F ∩ G = ∅ and the set B = (X \ F) In the Introduction we mentioned the problem of whether the Wijsman hyperspace of every metric Baire space is Baire. Our results may have some bearing on this problem. If one tries to think about a possible Baire metric space with a non-Baire-Wijsman hyperspace, the first spaces to be considered would perhaps be the barely Baire spaces of Fleissner and Kunen in [10] . However, all those spaces from [10] are ultrametric uniformly nowhere locally separable spaces of the kind considered in Corollary 3.2, so the corollary rules out the possibility of using these barely Baire spaces as counterexamples to the problem whether Baireness of (X, d) implies that of (2 X , τ w(d) ). One can also ask whether some properties stronger than Baireness are inherited by Wijsman hyperspaces. Since the Wijsman hyperspace of a metric space (X, d) can be embedded into the function space C p (X), a recent result of Lutzer, van Mill, and Tkachuk might be of some interest in this connection. They proved in [15] that C p (X) is subcompact only when X is discrete.
